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"We do not want to calculate,
we want to reveal structures.’

- David Hilbert, 1930 -



Preface

Multivariate extreme value theory (MEVT) is the proper toolbox for analyzing several
extremal events simultaneously. Its practical relevance in particular for risk
assessment is, consequently, obvious. But on the other hand MEVT is by no means
easy to access; its key results are formulated in a measure theoretic setup, a fils rouge
is not visible.

Writing the 'angular measure’ in MEVT in terms of a random vector, however,
provides the missing fils rouge: Every result in MEVT, every relevant probability
distribution, be it a max-stable one or a generalized Pareto distribution, every
relevant copula, every tail dependence coefficient etc. can be formulated using a
particular kind of norm on multivariate Euclidean space, called D-norm. Norms are
introduced in each course on mathematics as soon as the multivariate Euclidean
space is introduced. The definition of an arbitrary D-norm requires only the additional
knowledge on random variables and their expectations. But D-norms do not only
constitute the fils rouge through MEVT, they are of mathematical interest of their
own.

In Sessions 1 to 3 we provide in the introductory chapter the theory of D-norms in



detail. The second chapter introduces multivariate generalized Pareto distributions
and max-stable distributions via D-norms. The third chapter provides the extension of
D-norms to functional spaces and, thus, deals with generalized Pareto processes and
max-stable processes.

Session 4, in addition to a brief summary of univariate EVT and D-norms, provides a
relaxed tour through the essentials of MEVT, due to the D-norms approach. Quite
recent results on multivariate records complete this text.
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Chapter 1

Introduction

1.1 Norms and D-Norms

(ENERAL DEFINITION OF A NORM

f
Definition 1.1.1. A function f : R? — [0, 00) is a norm, if it satisfies for all ¢,y € R, A € R
f(x)=0 <= x=0¢c R’ (1.1)

fQx) = [A] f(z), (1.2)

flx+y) < f(z)+ fy). (1.3)

Condition (|1.2) is called homogeneity and condition ([1.3)) is called triangle inequality
or A-inequality, for short.



A norm f:R? — [0,00) is typically denoted by
x| = f(2), xR’
Each norm on R? defines a distance, or metric on R? via
d(l’,y) - Hm_yH7 m7y€Rd'
Well known examples of norms are the sup-norm

il == ma

and the L;-norm

d
lll, = Jail x = (r1,...,24) € R
1=1

THE LOGISTIC NORM

Not that obvious is the logistic family

d 1/p
lll, = <Z |~’Uz'|p> : 1 <p<oo.

i=1
The corresponding A-inequality

flx+y) < flz)+ f(y)

is known as the Minkowski-inequalityf]

Lcf. |Rudin| (1976, Proposition 3.5)

(1.8)
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Proof. (i) The inequality is obvious for ¢ = oco: ||z, < (Zf_l \xi|q)

Lemma 1.1.1. We have for 1 < p < ¢ < 0o and « € R?
(i) llzll, > |z

(i) lim [, = f|]]-

1/q

Now consider 1 < p < ¢ < 0o and choose x # 0 € R”. Put S := |z||,. Then we have

and we have to establish

As

and thus

51, =
I5l, =
q
|Jg| € [0, 1]

|| q< EARS
S -\ S



we obtain

- (S0 (S - (1) -
which is (i).

(ii) We have, moreover, for  # 0 € R? and p € [1, 00)

AN |
ol < lall, = {3 (7= ) | ol < & ol 2 ol

which implies (ii). O

NORMS BY QUADRATIC FORMS

Let A = (ai;)i<ij<a be a positive definite d x d-matrix, i.e., the matrix A is symmetric,
A = AT = (aji)1<ij<d» and satisfies

x'Ax = Z T;QijT5 > 0, T c Rd, T 7& 0e R,

1<i,j<d

Then
x| 4 := (x" Az)?, r € RY,

defines a norm on R<,



)y = (a1 +23)"? = [|lz]),.

With A = <(1) (1)) we obtain, for example, |

Conditions (I.1) and ([I.2) are obviously satisfied. The A-inequality follows by means
of the Cauchy-Schwarz inequalityf|

(xTAy)’ < (zTAz) (yTAy),  =x,y <R,
as follows:

lz+yl = (x+y)" Az +y)
=l Az + yT Ax + 27 Ay + yT Ay
< 2" Az + 2(z" Ax)2 (y" Ay)? + yT Ay

= ((chfkv)é + (yTAy)%)2 :

DEFINITION OF D-NORMS

Let now Z = (Z},...,Z;) be a random vector (rv), whose components satisfy
Z;>0, E(Z)=1  1<i<d.
Then
follp = £ (sl 2)) . o e

defines a norm, called D-norm and Z is called generator of |z|| .

2¢f. |Rudin| (1976)



The homogeneity condition ([1.2) is obviously satisfied. Further, we have the bounds
ol = mas |

= max F (|x;| Z;)

1<i<d

< & (uaxo 2)

1<i<d

d
=1
d

= ||, x € R,
i.e.,
|zl <llzlp < |, z € R% (1.9)

This implies condition (1.1). The A—inequality is easily seen by

|z +yllp,=F (112%1(\% + i Zi))

IA

B (uax((l + 1) 2)

IA

E <max(\xi| Z:) + max (|y;] Zi))

1<i<d 1<i<d

6



=0 (s 20) + 8 (el 2

1<i<d 1<i<d

= [l=lp +lyllp -

BAsic PROPERTIES OF D-NORMS

Denote by e; = (0,...,0,1,0,...,0) € R? the j-th unit vector in R?, 1 < j < d. Each
D-norm satisfies

lesl, = £ (ux(02) ) = B(Z) = 1

1<i<d

where 0;; = 1 if : = j and zero elsewhere, i.e., each D-norm is standardized.
Each D-norm is monotone, i.e., we have for 0 < x < y, where this inequality is taken
componentwise,

lollp = £ (mux(eiz)) < B (max(02)) = Iyl

1<i<d 1<i<d

There are norms that are not monotone: Choose for example

()

with § € (=1,0). The matrix A is positive definite, the norm |z|, = (TAz)z =
(22 + 282125 + 22)? is not monotone; just compare (21, z,) with (71, 25 + €).

Each D-norm is obviously radial symmetric, i.e., changing the sign of arbitrary com-
ponents of z € R? does not alter the value of ||z| . This means that the values of a

7



D-norm are completely determined by its values on the subset {x € R?: x > 0}. The
above norm |||, does not have this property.

1.2 Examples of D-Norms

THE TWO EXTREMAL D-NORMS

Choose the constant generator Z := (1,1,...,1). Then
lollp = £ ( (e 2)

—E <maX(!SC7:D> = ||lz| ,

1<i<d

i.e., the sup-norm is a D-norm.
Let X >0 bearvwith £(X)=1and put Z:= (X, X,..., X). Then Z is a generator
of the D-norm
Il = E(ua(lai| 20)

)
— B(max(|a] X))

1<i<d

— max (|2, E(X)

1<i<d



This example shows that the generator of a D-norm is in general not uniquely de-
termined, even its distribution is not.

Let now Z be a random permutation of (d,0,...,0) € R? with equal probability 1/d,
i.e.,

7 _ d, with probability 1/d
‘" 10, with probability 1 —1/d’

and Z; + -+ Z;=d.
The rv Z is consequently the generator of a D-norm:

Jollp = £ (w1 2)

1<i<d

d
(m (i 2) Z}“W)
<]

$j|dE 1{Z d})

E

M&

max (|| Zi) 1z, d}>
< 1<i<

IIM&

1'7’ dl{Z d})

IIM&



d
= x| dP(Z; = d)
j=1

d
= |zl
j=1

= [l ,

i.e., ||-||; is @ D-norm as well.

Inequality (1.9) shows that the sup-norm ||-||_ is the smallest D-norm and that the
Li-norm ||-||; is the largest D-norm.

EAcH LogisTic NORM 1S A D-NORM
-

Proposition 1.2.1. Each logistic norm [|z||, = (Z?:l |a:l-|p)1/p, 1 <p< oo, isa D-norm.
For 1 < p < 0o a generator is given by

X X
Z: (Zl,...,Zd) — (—1_1,7—d_1)
[l-pt) I(M-p)
where X7, ..., X, are independent and identically (iid) Fréchet-distributed rv, i.e.,

P(X; <z) =exp(—x7?), x>0,i1=1,....d,
with BE(X;)=T(1—-p1), 1<i<d.

10



I'(s) = [, t"texp(—t) dt, s > 0, denotes the Gamma function.

Proof. Put for notational convenience 1 := E(X;) = I'(1 — p~1). From the fact that the
expectation of a non-negative rv X is in general given by [~ P(X > ¢)dt (use Fubini's theorem),

we obtain
E <max | ;] ZZ) = / P (max \zi| Z; > t) dt
1<i<d 0 1<i<d

:/ 1—P(max|xi|Zi§t) dt
0 1<i<d

:/ 1—P(Zi§ t,lgigd)dt
0 ||

—_ [ 1-T[rP (ZZ- < ) dt

/ [l B

[ (-(5))

1

The substitution ¢ — ¢ (Zfl |a:i|p)p /e now implies that the integral above equals

1

(S fel?)” ! ], [~
/ 1 —exp (——) dt =—p/ P(X;>t)dt
0 0

t E(X)




1.3 Takahashi’s Characterizations

TAKAHASHI’S CHARACTERIZATIONS OF ||| AND ||-||;
-

Theorem 1.3.1 (Takahashi (1988)). Let ||-||,, be an arbitrary D-norm on R?. Then we have
the equivalences

o=l <= 3y >0€eR": |lylp = lyl,
Ilp = lle = 1lp=1

r

Corollary 1.3.1. We have for an arbitrary D-norm ||-||, on R?

I 1
HD:{ * = 1=
11l d

Proof. To prove Theorem we only have to show the implication “<". Let (Z1,...,Z,) be
a generator of ||| p.

12



(i) Suppose we have ||y||,, = ||y, for some y > 0 € RY, i.e,,

d
E(gfgé(yzzz)) = leyz
d
i—1
d
5 (z yz)
i—1

This leads to

d d
E (Z yZ) —E (ggg;(ini)) = E(ZyZ - fggg(%&)) =0

1=1 g=1 |
>0
d
= z;ini - Fgl%}é(yzZy) =0  a.s. (almost surely)
1=
d
= Zl:yzzz = 112%?2(3/@22) a.s.
1=

Hence Z; > 0 for some i € {1,...,d} implies Z; = 0 for all j # i, and we have for arbitrary

13



Z@Z = max (x;72;) a.s.

1<i<d
= K (Zl xiZl) =F (2&}2(@22))
=l = ll=[p-

(ii) We have the following list of conclusions:

I3, Dllp =1

] = ; <97 <
=’ (Pgl?g}ilzz> E(Z)), 1 <j<d,

:>E(maXZ Z):O, 1<y <d,

1<i<d
———
>0
= max/zZ; — Z; =0 a.s., 1<y <d,
1<i<d
= 11 = Zy = = Z4g = max/Z;
1<i<d

= F (max \x;| Z;) > <max | ;] Z1)>

1<i<d 1<i<d

= E(||lz]l 21)

= |lzll E(Z1)

14



=|zl., =zeR"

Theorem [1.3.1] can easily be generalized to sequences of D-norms.
f

Theorem 1.3.2. Let ||| 5., € N, be a sequence of D-norms on R%.

(i) Vo € R [zl pe — ll, <= 3y >0:llylp — [yl

. d.
(i) Ve € R : ||| pn T |l <= lI1lpn S 1

Corollary 1.3.1] carries over.

Proof. Let (Z{n), - Zc(in)) be a generator of ||-|| 5.. Again we only need to show the implication

<"
(i) We suppose |lyll; — [Yllpn —nsoc O for some y > 0 € R% With the notation M, :=

()

{ijj(-”) = maxi<ij<q ¥iZ } we get forevery j =1,...,d

(

d
Iyl = lyllpe = B | " 4,2 — max y,2."
=1

\\ -~ 7
>0

15



d
=L Z inz‘(n)le

i=1
i#]

d
~ Y yE (Zf”)le) o 0
i=1
i#j
as the left hand side of this equation converges to zero by assumption: ||y|l; — [|y]| p» —>n—c0 O-
Since y; > 0 for all i =1,...,d, we have

2

E (Z.(")le) e 0 (1.10)

for all i # j. Now take an arbitrary € R%. From ({1.9) we know that known that

0 <zl = ll=lpn

(

d
=B |wl 2" — max |z:] 2"
1=1

1<i<d

\ ~; g
d

<Z 2] 2 — max | Zf”)> 1Mj>
- 1<i<d

d d
_ 1) _ 17
=) E ((Z i Z; — max |z;| Z; >1Mj>

16




d d

o g

Vv
by (1.10) 0
e

n—roo

= Ve € R : [z pn —nsoo [12]); -
(ii) We use inequality ((1.9) and obtain
0 < [l pn = [l#ll

=F (maX |z ZZ.(n)> — max ||

1<i<d 1<i<d
< | max |z;| | F | max ZZ.W — max |z;|
1<i<d 1<i<d 1<i<d

— |||, (E (maXZi(n)> - 1)
1<i<d

= l#ll (12 pr — 1) — 0.

7

Theorem 1.3.3. Let ||-|| 5., » € N, be a sequence of D-norms on R%. We have

() IHlpr = Il = VI<i<j<d:leitelp - 2

17



(i) Ip = Il == i€ {l,... . d}Vi#i: eit+ellp — 1.

Proof. (i) For all 1 < i < j < d we have

(ZZ' T2~ max(Z; >4 )) 1{Z§n)=maX1<k<dZ£n)})
- (n)
= b4 1{Z§n)=maX1SdeZ;5n)}) =

Therefore £ <Zi(n)1{Z(n)—max . dZ(n)}> —— 0, which is (1.10) for y = 1. We can repeat the
i 1<k<d #f

n—0o0
remaining steps of the preceding proof and get the desired assertion.

(ii) For our given value of i we have

0<|[1f[p. -1
= F (max Z}in) _ Zz(n))
1<k<d
d () )
<35 (A" - 27) W omcc)
j=1 -
a ) )
= E E ((max (Zi ,Zj ) — Z; ) 1{Z§"):maX1gkgdZ;gn)})
j=1



IA

5 5 (max (77, 2) — 207)

J=1

d
Z ei + €llpn = 1) s 0
J
J

which proves the assertion by part (ii) of Theorem [1.3.2] O
(

Corollary 1.3.2. Let ||-||, be an arbitrary D-norm on R<.

) I-lp =l-l, &= V1i<i<j<d:lei+ejl,=2= e+ el

(i) [-llp =l <= Fie{l,....d}Vj#i: [lei+ejllp =1= e+ el
Proof. Put ||-|| 5. = |||l in the preceding theorem. O
-

Remark 1.3.1. Choose 1 < i < j < d. Note that ||(z,y)|p,, := |lze: + yejllp, z, y € R,

defines a D-norm on R? with generator (Z;, Z;), where (Zl,. .Zq) generates ||-||,. From
Takahashi's Theorem, part (i), we obtain that the condition

v1§2<]§d Hez-—|—ejHD:2

19



is equivalent with the condition

Ve,y e R,11<i<j<d: ||ze; +yejl, = ||ve: + ye;|l; = |z]| + |yl

1.4 Max-Characteristic Function

THE MAX-CHARACTERISTIC FUNCTION OF A GENERATOR

Recall that the generator of a D-norm is not uniquely determined, even its distribution
is not.

r

Lemma 1.4.1 (Balkema). Let X = (X1, Xy,...,X4) >0, Y = (Y1,Y2,...,Yy) >0 be rv
with E(X;), B(Y;) < 0o, 1 <14 < d. If we have for each > 0 € R?

FE (max(1, 21X, ...,24Xy)) = E (max(1,21Y1,...,24Yy)),

then X =p Y, where “=p" denotes equality in distribution.

Proof. We have for & > 0 and ¢ > 0
X X
E(max(l,—l,...,—d))
cxy Ccxy
o0 X X
:/ 1—P<max<1, Lo d)gt)dt
0 cxy Cxy

:/ 1—P(1<t,X; <ter;1<i<d)dt
0

20



:1+/ 1—P(X; <tcx;, 1 <i<d)dt
1
The substitution ¢ — ¢/c yields that the right-hand side above equals
1 0
1+—/ 1— P(X; < ta;, 1 <i<d)dt.
C &

Repeating the preceding arguments with Y; in place of X;, we obtain from the assumption that
forall ¢ > 0

/ 1 —P(X; <tx;;1 <i<d)dt
:/ 1 — P(Y; <tx;,1 <i<d)dt.
Taking right derivatives with respect to ¢ we obtain for ¢ > 0

and, thus, the assertion. ]

Corollary 1.4.1. If (1,7,,...,Z,) is the generator of a D-norm, then the distribution of

(Z1,...,%Z4) is uniquely determined.

Take, for example, Z = (1,...,1) € R? which generates the sup-norm |-|_ on R
Then (1, Z) generates the sup-norm on R,

21



Let, on the other hand, Z be a random permutation of (d,0,...,0) € R? which
generates |-||,. The D-norm generated by (1, Z) on R is

|||, = E (max (|z1], 22| Zo, ..., |Tas1| Zp))
d

- (Z (max (Jo] ] Zas - 2l Z0)) 1(Zi = d>>
1=1

E((max (x|, [2a] Za, .. ., [2a11] ZD)) 1(Zi = d))

Mg

1

Zmax 21|, d |2i])

_ Zmax ("”1‘ \%\) .

.
Il

&Iv—‘

Let Z = (Z,,...,Z;) be the generator of a D-norm ||-|| ,. Then we call
o(x) := E(max(1, |z1| Z1, ... |z4| Za)), x € R,
the max-characteristic function of Z.
The max-characteristic function of the random permutation of (d,0,...,0), for in-
stance, is

Zmax < \:UZ|> x c R

22



The max-characteristic function of (1,...,1) is
p(@) = max (1 |zl,), @ cR
We have in general

p(x) = E(max(1, 21| 21, ..., |[va| Za)) = E(max (|| Zi)) = |[z||

1<i<d
and, thus,
0<p(x)— HwHD
= F(max(1,|z1| Z1,. .., |z4| Za) — 1§ia§l(\xi| Z;))
d
=E ((1 - g%l(lwil Zi))l{maxwd(xi|zi><1}) : x € RY,

if Z generates the D-norm |-|| .
1.5 Convexity of the Set of D-Norms

THE SET OF D-NORMS 1S CONVEX

[Proposition 1.5.1. The set of D-norms on R is convex, i.e., if |||| 5, and ||-|| ;,, are D-norms,

23



then
I-llap,+a-np, = A l-llp, + @ =X I-llp,
is for each A\ € [0,1] a D-norm as well.

Take, for example, the convex combination of the two D-norms ||-||_  and ||-||;:

d
Ml + (1= [l = A max |z, + (1= X)) |l

1<i<d —
This is the Marshall-Olkin D-norm with parameter \ € [0, 1].

Proof of Proposition [1.5.1] Let £ be a rv with P({ = 1) = A =1— P(£ = 2) and independent of
ZW and Z®, where Z\V, Z® are generators of |||, , |||, Then Z := Z© is a generator
of [|[|\p,+(1-2p,» @ we have for z > 0



= \E <max :CiZZ-(l)) +(1-MNE <max a:iZZ-(Q)> :

1<i<d 1<i<d

A BAYESIAN TYPE OF D-NORMS

The preceding convexity of the set of D-norms can be viewed as a special case of a
Bayesian type D-norm as illustrated by the following example.

Consider the logistic family {||-Hp Cp > 1} of D-norms as defined in (1.8). Let f be
a probability density on [1,0), i.e., f >0 and [~ f(p)dp = 1. Then

el = / lel, fp)dp. = <R,

defines a D-norm on R?. This can easily be seen as follows. Let X be a rv on [1,c0) with
this probability density f(-) and suppose that X is independent from each generator Z,
of ||-[,, p > 1. Then

Zf = ZX

generates the D-norm |-,
E(Zy) :/1 E(Zx | X =p)f(p) dp:/l E(Z,)f(p)dp =1

and

E (maX (|| Zf’i))

1<i<d

25



— & (| 2.

1<i<d

_ /10015 <max (2] Zx) | X = p) f(p) dp

1<i<d

. / el () dp

If we take, for instance, the Pareto density fy(p) := \p~(!'*", p > 1, with parameter
A > 0, then we obtain

1/p

[ P
]y, = /1 (Z xﬁ’) AV dp, zeRY
i=1

The convex combination of two arbitrary D-norms can obviously be embedded in this
Bayesian type approach.

1.6 D-Norms and Copulas

D-NORMS AND COPULAS

Let the v U = (Uy,..., ) follow a copula, i.e., each component U; is uniformly
distributed on (0,1). As E(U fo udu = 1/2 , the rv Z := 2U is generator of a
D-norm.

But not every D-norm can be generated this way: take, for example, d = 2 and
|(z,9)|l; = |z| + |y|. Suppose that there exists a rv U = (Uy, Us) following a copula such

26



that

(@, )|l = 2E (max(|z| Uy, |y| Uz)),  x,y €R.
Putting * = y = 1 we obtain
2= QE(max(Ul, UQ))
————

€[0,1]
and, thus,
P(max(Uy,Us) =1) = 1.
But
P(max(Uy,Us) =1) = P{U; = 1} U{U; = 1})
<PU =1)+PUy=1)=0.

It is, moreover, obvious, that ||-||, on R? with d > 3 cannot be generated by 2U, as
H(l, cey 1)”1 =d>2F (maxlgigd Ul)
There are consequently strictly more D-norms than copulas.

1.7 Normed Generators Theorem

By |T'| we denote in what follows the number of elements in a set 7.
The following auxiliary result can easily be proved by induction, just use the equation

min(max(ay, ..., a,), ap+1) = max(min(ay, api1), - . ., min(ay,, a,11))).

27
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Lemma 1.7.1. We have for arbitrary numbers aq,...,a, € R:
max(ag, ..., a,) = Z (—1)171-1 mi%l a;,
0LTC{1,....n} '
- _ _1)\I71-1 .
min(ay,...,a,) = Z (—1) max a.

-
Corollary 1.7.1. If Z(U, Z®?) generate the same D-norm, then

E (min (|| Z}”)) —E (min (|| Zf”)) .,  xeR’

1<i<d

1<i<d

Proof. Corollary can be seen as follows:

. . g1)) _ 71 ( , (_1)>
E(lrggld (|56leZ ) E Z (—1) max |zi| Z;

0£TCAL,...d}
= Y 0 (e 2))
0ATC{L,....d} Jer
= Y DTS e
0£ATc{1,...,d} jeT D

28



0£TC{1,...,d}
_ 2
e[ Y (-y" 1?€%X<|x|Z;)>
0£TC{1,...,d}

DuAL D-NORM FUNCTION
Let |||, be an arbitrary D-norm on R? with arbitrary generator Z = (Z;,...,Z;). Put
Rxdp = F < min (|z;| ZZ)> : x c R,
1<i<eT

which we call the dual D-norm function corresponding to ||-||,. It is independent of
the particular generator Z, but the mapping

|-lp = - qp
is not one-to-one. In particular we have that
L-Ap =0
is the least dual D-norm function, corresponding to |||, = |||;, and

R p = min |z;] = T Ao, x € R,
1<i<d
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is the largest dual D-norm function, corresponding to ||-||, = |||, i-e., we have for an
arbitrary dual D-norm function the bounds

O0=2-2 < SV -

While the first inequality is obvious, the second one follows from

\zk| = E(|lxg| Zx) > E (min (|| Zl)) : 1<k<d.

1<i<d

THE EXPONENT MEASURE THEOREM

The following result is based on the characterization of a max-infinite divisible df in
Balkema and Resnick (1977). We, therefore, call it Exponent Measure Theorem.
Put E := [0,00)\ {0} C R? and tB := {tb: b € B} for an arbitrary set B C E and

t > 0.
(
Theorem 1.7.1 (Exponent Measure Theorem). Let ||-||, be an arbitrary D-norm on R
Then
y([O,w]EﬂE) = 1 : x>0,z #0,
Zlip

with the convention ||1/x||, = oo, if some component of x is zero, defines a measure v on
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E, which satisfies for each Borel subset B of E

z/(tB):%z/(B), £ 0.

Sketch of the proof. Let (Zy, ..., Z;) be a generator of the D-norm |||, and put for x € E and
0 AT C{l,....d}

1
v(im >z, 1€T):=FE (min _Zi> ;

€T I
with the convention 0/0 = oo, where 7;(y) = y; denotes the projection of y € E onto its i-th

component. Note that by Corollary the value of F (min;er Z;/x;) does not depend on the
special choice of the generator of ||-|| .

The function v is defined on a family of subsets of E, which is N-stable and which generates
the Borel o-field B(E) in E. In order to extend it to a uniquely determined measure v on B(E),
it has to satisfy v((a,b]) > 0 for a,b € E, a < b. This will be shown below.

From the well known inclusion exclusion principle we obtain for 0 < a < b the equation

v((a,b]) = v ((a, 0o)\ U {m; > bi}>
d
=y ((a, oo)\U {mi > bi; mj > aj, j # z})

d
=v((a,00)) —v (U{Wz' > bi; T > ay, J # i})
= v ((a,00))
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— Y )T > b e Timy > a, £ T)
0A£Tc{1,...,d}

1
1<i<d i

1 1
_ Z (—)T-1g <min (min —Z;, min _ZJ'>>
i€T b, J¢T a;

0£TC{1,...,d} '

1 1
= Z (—1)‘T|E (min (min —Z;, min _Zj))
i€T b, J¢T a;

7

-5 o () (2))

Z' m; Z 1—mi
_ 1) i il =
S e (7)(7)
me{0,1}*
We claim that the integrand in the above expectation is nonnegative, i.e., we claim that for
Ris0o<zx< Y
1N MG s m;, 1—m;
Z (—1) in (z"y; ™) > 0. (1.11)
me{0,1}¢
Let U be a rv which follows the uniform distribution on (0,1), and put U = (U, ..., U) € R%.
The df of U is
Fy(u) == P(U < u) = min u,, u € [0,1].

- 1<i<d
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We, thus, obtain for 0 < u < v < 1 € R? by the well known inclusion exclusion principle
PW o) = 3 (E™ (0l e ™)

mef{0,1}"

= Y R i ()
mG{ZOHd tsr=d

> 0.

This implies inequality by a proper scaling of =, y.

We have, moreover, v (t(a,b]) = t7'v((a,b]),t > 0. The equality 11(B) = v(tB) =
t~1v(B) =: 1»(B), thus, holds on a generating class closed under intersections and is, therefore,
true for any Borel subset B of Ef

Finally, we have for & > 0 € R? by the inclusion exclusion principle and Lemma [1.7.1]

v ([O,m]B N E) =v (LdJ {m; > xl}>

=1
= > ()" u(m >, ieT)
OLTC AL, ...d}
1
- Y 0™ E (wip o z)
0LTC{1,....d} et L
1
=E( >, (=17 "min <—Z¢>
0£TC{1,....d} e\

3cf. |[Bauer] (2001} p.32 Remarks)
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1

=F (maX —Zi)
1<i<d x;

1

xr

D

EXISTENCE OF NORMED GENERATORS

The proof of the following theorem is essentially the proof of the de Haan-Resnick
representation’| of a multivariate max-stable df with unit Fréchet margins.
(

Theorem 1.7.2 (Normed Generators). Let ||-|| be an arbitrary norm on R?. For any D-norm
|-l , on R? there exists a generator Z with the additional property ||Z|| = const. The
distribution of this generator is uniquely determined.

~

Corollary 1.7.2. For any D-norm on R? there exist generators Z(!), Z() with the property
Z?ﬂ Zi(l) =d and maxij<i<d ZZ-(Q) = const.

Proof. Choose ||-|| = ||-||; in Theorem [L.7.2, Then

d
t= |z =Sz
cons H . Zzl: i

4Ide Haan and Resnickl 41977[)
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Taking expectations on both sides yields

d
const = Z E <ZZ-(1)> =d.
i=1

Choose ||-|| = |||, for the second assertion. O

Proof of Theorem[L.7.2. Let ||-||,, be an arbitrary norm on R?. From the Exponent Measure
Theorem [L.7.1] we know that

1

v ([O,w]CﬂE) = ||

, x>0ecRY x+£0,
D

defines a measure v on E with the property v(tB) = t 'v(B) for each Borel subset B of
E =1[0,z)\{0} and each ¢t > 0.

Denote by Sg := {z € E : ||z|| = 1} the unit sphere in E with respect to the norm ||-||. From
the equality v(tB) = t"'v(B) we obtain for t > 0 and any Borel subset A of Sg

V({Q}EE: ||| zt,ieAD
]|
_ ) Y
—V({tyEE.HyH 21,—6A}>
[yl
_ ) Y
—u(t{yEE.HyH 21,—€A})
lyll
1
:—V<{yEE:HyH 21,ieA}>
t [yl
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—: Z3(A) (1.12)

where ®(-) is the angular measure on Sg corresponding to ||-||.
Define the one-to-one function T': E — [0,00) X Sg by

which is the transformation of a vector @ on to its polar coordinates with respect to the norm

I-1]-
From (1.12) we obtain that the measure (v * T)(B) := v(T~1(B)), induced by v and T,
satisfies

(v*T)((t,oo) x A)=v({x € E:T(x) € (t,00) x A})

:V<{:c€E:H:1;H>tW€A}>
//m_drd@

—/ —drdCI)
(too)xAT

(v+T) (B) = /Bﬂ dr do. (1.13)
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We have

v ([0, w]“) — (Tl (T ([0, m]ﬂ))) — (vT) (T ([0, x]ﬂ))

T ([O,w]ﬁ) =T ({y € E :y; > x; for some i < d})

={(r,a) € (0,00) X Sg : ra; > z; for some i < d}

e
_ {(r,a) €(0,00) X Sp: 7> 1< (aj)}

with the temporary convention 0/0 = co. Hence, we obtain from equation (|1.13))
1
“l =v ([O,w]ﬂ)
Llip
— (vT) <T ([O,zc]E))
=(vx*T) <{(r,a) € (0,00) X Sg : r > min ﬂ})

1<i<d a;
= / s 2 dsd®
€(0,00)xSg:r> mm xl}

// s 2ds ®(da)
Sg J min X

1<i<d %

= [ s bl
mln =t

1<i<d %

with
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= max — ¢(da)
5y 1<i<d T

now with the convention 0/0 = 0 in the bottom line.
Note that ® is a finite measure as can be seen as follows. Choose in the preceding equation
x; = 1 and let ; — oo for j # i. Then, by the fact that ||e;||, = 1, 1 <1i < d, we obtain

1 :/ wd(da), 1<i<d (1.14)
SE

The finiteness of ® now follows from the fact, that all norms on R? are equivalent:

d
d= [ ) a;9(da)

e =1

~ [ lal, ®(da)
SE
> const/ |a|| ®(da)
S

B

= const ®(Sg),

ie., P(Sg) < oc.
Put
m = ®(Sg) € (0, 00)
Then

()= 2Y
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defines a probability measure on Sg.
Let the v X = (X,...X,) € Sg follow this probability measure, i.e. P(X €-) = Q ().
Then we have for Z :=mX

1Z]] = [mX|[| =m || X]|[ =m  as

as well as
Z >0

)

and

=m [ a;(PxX)(dr)
SE

=m | a;Q(da)
SE

P
Sk m

by (1.14). Finally, we have

Z; i
E (max —) =F (m max £>
1<i<d x5 1<i<d x;



= m max — (P*(Xy,...,Xy)) (da)

a/.
= m max — Q(da)
Sg 1<i<d x;

a; CD(da)
=m max —
S lsisdx;  m

= max 2 d(da)
5, 1<i<d T;

1

xTr

D

(

Example 1.7.1. Put ZW .= (1,...,1) and Z® := (X,..., X), where X > 0 is a rv with
E(X) = 1. Both generate the D-norm |[-|| ., but only Z") satisfies || ZW||, = d.

-
Example 1.7.2. Let V4,...,V; be independent and identically gamma distributed rv with

density v, (z) := 2% texp(—2)/T'(a), x > 0, @ > 0. Then the rv Z € R? with components
2 Vi
T e %%

follows a symmetric Dirichlet distribution Dir(c) on the closed simplex Sy = {u >0 € R? :
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S u; = 1}, see Ng et al| (2011, Theorem 2.1). We obviously have E(Z;) = 1/d and,
thus, )
Z:=dZ (1.15)

is a generator of a D-norm ||[| ;) on R?, which we call the Dirichlet D-norm with parameter

a. We have in particular || Z]|; = d.
d

It is well-known that for a general o > 0 the rv (V;/ Z;l:l Vj> ~and the sum Z;lzl Vj are

2

—1
independent, see, e.g., the proof of Theorem 2.1 in Ng et al.|(2011). As E(Vi+---+V;) = da,
we obtain for € = (11,...,14) € R?

lolloey = & ( e (i 2) )

iR (maxlgzgd (|| Vz‘))

Vit Vg
maxi<i<d (|74 V;))
T

1
:aﬂm+m+ww<

— 22 (juax ().

(07 1<i<d

A generator of [|-|| (,, is, therefore, also given by a~'(V4,..., Vq).

41



1.8 Metrization of the Space of D-Norms

METRIZATION OF THE SPACE OF D-NORMS

Denote by Z|, the set of all generators of a given D-norm |-||, on R?. Theorem [1.7.2
implies the following result.

Lemma 1.8.1. Each set Z,| contains a generator Z with the additional property || Z||, = d.

The distribution of this Z is uniquely determined.

Let P be the set of all probability measures on S; := {x >0 € R?: ||z|, = d}. By the
preceding lemma we can identify the set D of D-norms on R? with the subset P, of those
probability distributions P € P which satisfy the additional condition [, »; P(dz) = 1,

1=1,...,d.
Denote by dy (P, ()) the Wasserstein metric between two probability distributions on
Sd, i.e.,

=1inf{F (| X —Y||;) : X has distribution P, Y has distribution @} .

As S;, equipped with an arbitrary norm ||-||, is a complete separable space, the metric
space (P, dy ) is complete and separable as well; see, e.g., Bolley (2008).
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Lemma 1.8.2. The subspace (Pp, dy) of (P, dy ) is also separable and complete.

Proof. Let P,,, n € N, be a sequence in Pp, which converges with respect to dy to P € P. We
show that P € Pp. Let the rv X have distribution P and let X ™ have distribution P,, n € N.

Then we have
/ z; P(dx) — 1|
Saq

VR

S
I
—

/S i Plia) - /S ()

b (x|

d
Z ‘Xi - Xz'(n) )

1=1

d
1=1

B

~.
I

[\
&)
—

X —-xm

E

VR

), n € N.
1

As a consequence we obtain
d

2

i=1

/ 2 P(dz) — 1‘ < dw(P,P) = sns 0,
P

and, thus, P € Pp. The separability of P, can be seen as follows. Let P be a countable and dense
subset of P. Identify each distribution P in P with a rv Y on .S; that follows this distribution P.
Put Z = Y /E(Y), where we can assume that each component of Y has positive expectation.
This yields a countable subset of Pp, which is dense. ]
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We can now define the distance between two D-norms |||, , [|-[,, on R? by

dw (Il o, 111l p,)
::m%Equ—Z@Hy
1

Z') generates Nl p, » Z)

:d,i=1,2}.
1

The space D of D-norms on R¢, equipped with the distance djy, is by Lemma a
complete and separable metric space.

CONVERGENCE OF D-NORMS AND WEAK CONVERGENCE OF
(GENERATORS

For the rest of this section we restrict ourselves to generators Z of D-norms on R? that
satisfy || Z||; = d.

~

Proposition 1.8.1. Let [|-||, , n € NU {0}, be a sequence of D-norms on R? with corre-
sponding generators Z™, n € NU {0}. Then we have the equivalence

dw (Illp, + 1l p,) =nooe 0 = 2™ —=p 210,

where —p denotes ordinary convergence in distribution.

Proof. Convergence of probability measures P, to F, with respect to the Wasserstein-metric is
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equivalent with weak convergence together with convergence of the moments

/S lll, Pa(da) —nosoc /S lel, Po(d),

see, e.g., Villani (2009). But as we have for each probability measure P € Pp

/ e, Plde) = / 4 P(d) =

convergence of the moments is automatically satisfied.

f
Lemma 1.8.3. We have for arbitrary D-norms ||-|| 5, ||-|| 5, on R the bound
lzllp, < llzllp, + l#ll dw (Illp, . I-1p,)
and, thus,
sup |[lzllp, — llllp,| <7vdw (Illp,  I-lp,), 720

zeRY,||lx|  <r

Proof. Let Z'") be a generator of I|-llp,, © =1,2. We have

_ ey
Jallp, = & (s (1o 2")
—E (max (m\ <Z§2) + 720 - ZZ@))))
1<i<d
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<F (max (]xz\ Zf”)) + ||z, E <max

1<i<d 1<i<d

70 _ Z@D

< lallp, + el 2 (|20 - 22| ).

which implies the assertion.
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Chapter 2

Multivariate Generalized Pareto and Max Stable
Distributions

2.1 Multivariate Simple Generalized Pareto Distributions

MULTIVARIATE SIMPLE GENERALIZED PARETO DISTRIBUTIONS
Let Z = (Z,,...,Z;) be a generator of a D-norm ||-|| , with the additional property
7 <c, 1<i<d, (2.1)

for some constant ¢ > 1, see Corollary [1.7.2, Let U be a rv that is uniformly distributed
on (0,1) and which is independet of Z.

Put
1 1
= —(Ly..... L) = —=24.
U( oo Za) U
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Note that for z > 1

U x T

i.e., 1/U follows a standard Pareto distribution (with parameter 1).
We have, moreover, for x > c and 1 <1 < d by Fubini’s theorem

U x

= 1—E(P*Zz-)dz
0 X
1 &
:1——/ z (PxZ;)dz
L Jo
1
=1—-—-FE(Z)
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1
=1—-= 2.2
- 22)

where P x X denotes the distribution of a rv X, and Px (X,Y) = (Px X) x (PxY) if
the rv X, Y are independent.

The product 7, /U, therefore, follows in its upper tail a standard Pareto distribution.
The special case Z; = 1 yields the standard Pareto distribution everywhere. We call the

distribution of V = Z /U a d-variate (simple) generalized Pareto distribution (simple
GPD).

THE DISTRIBUTION FUNCTION OF A GPD

By repeating the arguments in equation (2.2) we obtain for x > (¢,...,c) =c
Zi .
P(Vga:):P<ﬁ’§xi,1§z§d) (2.3)

:P<é§U,1§z'§d)

X

7

:/ P(Uzﬁ,1§i§d> (Px Z)d(z,-..,2q)
[0,c] '

:/[ ]dP(U> maxﬁ> (P* Z)d(z1,...,%4)
0,c

T1<i<d X;

:/[ ]dl— maxﬁ(P*Z)d(Zhu-azd)
0,c

1<i<d x;

49



:1—/ maxﬁ(P*Z)d(zl,...,zd)
[0,¢]

4 1<i<d x;
7.
=1—F( max =
1<i<d x;
1
=1—||=] ,
Tilp

i.e., the (multivariate) distribution function (df) of V is in its upper tail given by
1 —[[1/z]|p.

THE SURVIVAL FUNCTION OF A GPD

By repeating the arguments in the derivation of equation (2.3) again, we obtain for
r>c

P(Vzw):P<U§ﬁ,1§i§d>

L

:/ P(Ugﬁ,1§i§d> (Px Z)d(z,-..,2q)
[0,c] '

7

:/[ ]dP(U< min ﬁ) (P* Z)d(z1,...,%4)
0,c

T1<i<d X;

:/ minﬁ(P*Z)d(zl,...,zd)
[0.¢]

4 1<i<d x;
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7.
=F (min —Z>
1<i<d x;

=0 1/x ap. (2.4)

AN APPLICATION TO RISK ASSESSMENT

Suppose that the joint random losses of a portfolio consisting of d assets are modelled
by the rv V.

The probability that the d losses jointly exceed the vector x > c is by equation (2.4)
given by

7
P(VZw):E(min—L>.
1<i<d x;
If we suppose that ||, = ||-||..,, then we can choose the constant function Z =

(1,...1) as a generator and, thus,

1 1
P(V > x)= min — = : x> (1,...,1)
1<i<d x;  Maxx;
1<i<d

If we suppose that ||-||, = |-||;, then we can choose the random permutation of

(d,0,...,0) with equal probability 1/d as a generator Z. in this case we have 1r£1i<rlei =0
and, thus, -



This example shows that assessing the risk of a portfolio is highly sensitive to the
choice of the stochastic model: For z = (d,...,d) and ||-||, = ||||.., the probability for
the losses jointly exceeding the value d is 1/d, whereas for |||, = ||-||; it is zero!

Risk assessment has, consequently, become a major application of extreme value
analysis in recent years.

2.2 Multivariate Max-Stable Distributions

INTRODUCING MULTIVARIATE MAX-STABLE DISTRIBUTIONS

Let now V(I = (Vl(l), - Vd(l)), V@ = (‘/1(2), . Vd@)), ... be independent copies of the
rv V. =Z/U. Then we obtain for the vector of the componentwise maxima

maxV® = [ max Vl(i), max Vz(i), ..., max V;”)

1<i<n (1<i<n 1<i<n 1<i<n

from equation (2.3) for x > 0 and n large such that nx > c

P (l max V) < a:> (2.5)

n 1<i<n

=P <maxV(i) < n:c)

1<i<n

:P(V“)gmc, 1§z‘§n)

= H P (V(i) < naz)

52



= P V<na:)
(1
(-1
_( \1HD

)
)

— exp( ) =: G(x), x>0cR?
n—00 xXr D
where 1/x is meant componentwise, i.e., 1/ = (1/x1,...,1/z4).

Suppose that at least one component of x is equal to zero, say component i;. Then
P(V <nx) < P(V,, <nx)

7
=P(=2<0
(7<)

= P(Z;, <0)
—P(Z,=0)<1
by the fact that F(Z;) = 1. As a consequence we obtain in this case
1 .
P <— max V¥ < ZE) =P (V < nx)"
ni<i<n
<P(Z;,=0)" —0
n—oo
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We, thus, have

1 .
P (— max V@ < ZB) — G(x), x c R,

ni<i<n n—00

where

G(w) _)exP (_ H%HD) ) if ¢ > 0,
o elsewhere.

As P(n’llxilaix V@ <) n €N, is a sequence of df on RY, it is easy to check that its

limit G(-) is a df itselfl It is obvious that the df ¢ satisfies

) e (-[2]) -

na
G"(nx) = G(x), xcRY neN,
which is the so called max-stability of G:
Let the rv £ € R? have df G and let £, €3 ... be independent copies of £. Then
we have for the vector of componentwise maxima

1 , _
P (— max &@) < w) =P (maxg(l) < nw)

n 1<i<n 1<i<n

G"(nx) = exp (-

i.e.,

:P<£(i>§nw,1§i§n>
= P (&£ <nx)"

UFalk et al| (2011} Section 4.1)
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which explains the name max-stability.

= G"(nx)
(w)7

x € R?,

THE SIMPLE MULTIVARIATE MAX-STABLE DISTRIBUTION

By keeping z; > 0 fixed and letting z; tend to infinity for j # i, we obtain the marginal

distribution of (:

:eXp( H 0,.. O—O ..,0)
—eXp( E(

P (& < )
lim P(fz < xzagj <7 # )

II?—)OO

A

lim G(x

Tj—00

JFi

lim ex
I'J%OO p

el

lim ex
$]*>OO p

JFi

)

S
S
(o

)



()
=exp| —— | .
€

Each univariate marginal df of G is, consequently,

Gp,(x) == exp (—1> : x>0,

X

which is the Fréchet df with parameter 1, or unit Fréchet df for short.
We call the multivariate df G with unit Fréchet margins multivariate simple max-
stable.

THE STANDARD MULTIVARIATE MAX-STABLE DISTRIBUTION

Let the rv ¢ € R? follow a multivariate simple max-stable df, i.e., P (£ < x) = exp (— ||1/z||), = >

0. Put
b (l l)
n ¢ 5

and note that P(§; = 0) =0, 1 <i < d. Then we obtain for z < 0 ¢ R



= exp(~ [lell)
=: Gp(x).
By putting for = ¢ R?
Gp(x) = exp (— |[(min(z1,0), ..., min(zq,0))] 5)
we obtain a df on R?, which is max-stable as well:
G%(%)zGD(ac), x €RY neN.
G%, (-/n) is the df of nmax;<;<, 7', where n), n® ... are independent copies of 7.
Note that each univariate margin of GG is the standard negative exponential df:
P < 2) =P(n < ve;)
= exp (— [|lzei| p)

= exp (— |2/ [|eill p)

= exp(x), x < 0.
We call Gp multivariate standard max-stable (SMS).

TAKAHASHI REVISITED
Let the rv 7 = (71, ...,74) have in what follows the SMS df
Pn<z)=G(x) =exp(—|z|p), x<0ecR

with an arbitrary D-norm ||-||, on R%. Theorem [1.3.1| can now be formulated as follows.
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-
Theorem 2.2.1. With 1 as above we have the equivalences

(i) m,...,nq are independent

d
= Jy<O0eR": Py <y, 1<i<d) =[[Pm <)

(iym=m=---=mn4as.

Proof. The assumption 71, ..., 7,4 are independent is equivalent with the condition ||-||, = ||-||;-
The assumption 7 = 12 = --- = 1y a.s. is equivalent with the condition |-||;, = ||-||.- The
assertion is, therefore, an immediate consequence of Theorem [1.3.1]. O

The following characterization is an immediate consequence of Theorem [1.3.3] Note
that for arbitrary 1 <i < j <d

= exp (— Hei—i—ejHD) .

Part (ii) is, obviously, trivial. We list it for the sake of completeness.

Theorem 2.2.2. With 1) as above we have the equivalences

(i) m,...,nq are independent <= my,...,ny are pairwise independent.
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(iym=m=---=mngas. <= mn,...,ny are pairwise completely dependent.

The distribution of an arbitrary d-variate max-stable rv can be obtained by means of 7
as above together with a proper non random transformation of each component 7;, 1 <
i <d, see, e.g., Falk et al. (2011, equation (5.47)). The preceding characterizations,
therefore, carry over to an arbitrary multivariate max-stable rv (see (4.4)).

2.3 Standard Multivariate Generalized Pareto Distribution

STANDARD MULTIVARIATE GENERALIZED PARETO DISTRIBU-
TION

Choose K < 0 and put
W .= (Wl,...,Wd)

U
= (max (—%,K) ,...,max (—ZZ,K>> :

where U is uniformly distributed on (0, 1) and independent of the generator Z of the
D-norm ||-|| ,, which is bounded by ¢ > 1. The additional constant K avoids division by
zero. Repeating the arguments in equation (2.3) we obtain

PW <xz)=1—|z|,, x)<x<0¢cR’
where z; < 0 € R? depends on K and c.
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Repeating the arguments in equation (2.5) one obtains

(1) _ d
P(nlré%w < x) mexp( x| p), x <0eR"
where W W . are independent copies of W.

We call a df H on R? a standard GPD, if there exists x; < 0 € R? such that
Hx)=1-|z|,, x)<x<0ecR
Note that the :-th marginal df H; of H is given by
Hi(z)=1—|zeil|lp =1—|z| e, =1+ =, re <x<0,1<i<d,

which coincides on [z(;, 0] with the uniform df on [—1,0].

2.4 Max-Stable Random Vectors as Generators of D-Norms

MAX-STABLE RANDOM VECTORS AS GENERATORS OF D-NORMS
Let the rv n = (11,...,7y) follow the SMS df
G(z) = P(n <z) = exp(—|lzllp), ®<0eR"
Choose ¢ € (0,1). Then the rv 1/|7;|° has the df

1 1
P<—c §x> :P<— < W‘\C>
\772‘\ L




1

1 .
:exp<— ), x>0,1<7<d,

rl/e

i.e. 1/|n;| follows the Fréchet df F,(z) = exp(—z~%),z > 0, with parameter a = 1/¢;

note that P(n; = 0) = 0.
Its expectation is

The rv . . .
Z:(Zl,...,Zd)::—<—‘c,.. )

e \|m|”" 7 nal

(2.6)

(2.7)

now satisfies 7; > 0 and E(Z;) =1, 1 < i < d, i.e., Z is the generator of a D-norm.

Can we specify it?
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Note that the rv (1/|n1|",...,1/|n4|*) follows a max-stable df with Fréchet-margins:

H(x) :P(ﬁgxi,lgigao
i

1 .
=P<m<m,1<z<d)

1 1
=exp | — ||| —, ...,
e

), x>0¢cRY
D

and for each n € N:

Now we can specify the D-norm, which is generated by Z = ! (1/ |m|", ..., 1/ |na4|).

(Proposition 2.4.1. The D-norm corresponding to the generator Z defined in (2.7)) is given
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max (z;Z, )—H(l‘}/c,... 1/6) , x>0 e R
1<i<d D

If 71,...n in the preceding result are independent, i.e., if the corresponding D-norm
is ||-||;, then Proposition implies that Z = ' (1/|m|%,...,1/|n4|°) generates the
logistic norm ||z||, . = (Z?:l \xi|1/c> . This was already observed in Proposition 1.2.1,

Proof. Recall that by Fubini's theorem
EY) = / P(Y > t)dt,
0

if Y is an integrable rv with Y > 0 a.s. We, consequently, obtain for £ > 0 € R?

1 i
E (max(:ciZl-)> =—F (max (a:_c))
1<i<d fre  \1<i<d \ |nj]
1 [® ;
—— | P (max (—x ) > t) dt
He Jo 1<i<d \ ||
1 [® ;
—- - 1—P(max<wc)§t)dt
He Jo l<i<d |771|

1 [ ~
_ - 1_p(icgt,1gigd)dt
0 |7i]

e
1 [ 1 t

= — 1—P( 1<z<d>dt
Ke Jo |771| T

63



:l OOl—exp(—H#,...,# )dt
pe Jo (t/z)et (tfxa) ||
:i 0 1—exp<t_1—/1cH(x}/C,...,x3/C) D) dt
:i (:ci/c,...,ajclz/c) CD/Oool—eXp <_t11/0> dt
by the substitution ¢ H(aji/c, e ,xcli/c) ;t.

The integral foool — exp (—1/151/‘3) dt equals by Fubini's theorem FE(Y’), where Y follows a
Fréchet distribution with parameter 1/c. It was shown in (2.6)) that E(Y) = p., which completes
the proof. ]

ITERATING THE SEQUENCE OF GENERATORS

Taking this new D-norm in (2.8)) as the initial D-norm and proceeding as before leads
to the D-norm

62

2 2
@1zl = | (32| wz0ere
We can iterate this problem and obtain in the n-th step
n n C’ll
@zl = [ (2| wz0er?

The question suggests itself: Does this sequence of D-norms converge?
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Note: If we choose |||, = |‘||.., then we obtain for z > 0 € R?

|(21 )

The conjecture might, therefore, occur that the sequence of D-norms converges to the

= maxz, C: maxz; = |(z1,...,%a) -
D 1<i<d ' 1<i<d ' T e

sup-norm |||, if it converges.
Recall that ||-||, < |||, < ||-||; for an arbitrary D-norm and that ¢ € (0,1). Conse-
quently, we obtain
1 n 1 T Cn
@1, wallpo = || (2|
1 n 1 n cn
< H(xl/c ,...,xd/c ) ‘1
d CTL
- (5)
i=1
d
m“(ﬂfl,...xd)uoo, CBZOER,
by Lemma [1.1.1] and, hence,
@ 2a)ll o ——= @, 2a)

65



66



Chapter 3

The Functional D-Norm

3.1 Introduction

SOME BASIC DEFINITIONS

By C'[0,1] :={g:[0,1] — R, g is continuous} we denote the set of continuous functions
from the interval [0, 1] to the real line. By £ [0, 1] we denote the set of those bounded
functions f : [0,1] — R with only a finite number of discontinuities. Note that F [0, 1]
is a linear space: If fi, f, € £'[0,1] and x1,25 € R, then z1f; + 22f> € E[0, 1] as well.

Let now Z = (Z;),y, be a stochastic process on [0,1], i.e., Z; is a rv for each
t € [0,1]. We require that each sample path of (Zt)te[o,l] is a continuous function on
[0,1], Z € C']0, 1], for short. We also require that

Zt Z 0, E(Zt) = 1, t € [0, 1] 5
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and

E ( sup Zt> < 00.
0<t<1

Then
Ifllo:= & (s (01 2)) . 7€ B,

defines a norm on E [0, 1]: We, obviously, have || f||, > 0 and

1l =B ( sup (|£(8) za) < B (( sup If(t)> (sup z))
0<t<1 te[0,1] te[0,1]
= (sup f(t)|> E (sup Zt> < Q.
t€[0,1] t€0,1]

Let ||f||, = 0. We want to show that f = 0. Suppose that there exists ¢, € [0, 1] with
f(to) # 0, then

0=15lp
—E (ti‘#i](f(t)' Zt)>
> E(’f(to)‘ Zto)
= |f(t0)|E(Zto)
= [f (o) > 0,
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which is a clear contradiction. We, thus, have established the implication
[fllp=0 = f=0.

The reverse implication is obvious. Homogeneity is obvious as well: We have for
f€E0,1] and A € R

Al = B (sup (001120
= £ (1 s (170120
— I E ( sup (170120

0<t<1
= Al -

The triangle inequality for ||-||, follows from the triangle inequality for real numbers
x4+ y| <lz|+ |y|, =,y € R:

<t<1

1o+ follp = E (p (s + ! za)

<E (If1] Z: + |f2|Zt)>

sup
0<t<1

(
< £ (sup (14120 + sup (14120
(

0<t<1 0<t<1

sup (15120 )+ (s (121 2) )
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= [lfillp + I2llp fi, f2 € E]0,1].

MEASURABILITY OF INTEGRAND

Note that (f(¢)Z:),c(y is for each f € E[0, 1] a stochastic process whose sample paths
have only a finite number of discontinuities, namely those of the function f. We,
therefore, can find a sequence of increasing index sets 7,, = {t1,...%,}, n € N, such that

sup (1101120 = fim (s (17061 2,)).

t[0,1] n—oo \ 1<i<n

As max (|f(t;)| Z,) is for each n € N a rv, the limit of this sequence, i.e., sup (|f(t)| Z),
<i<n tE[O,l]

is a rv as well. We, therefore, can compute its expectation, which is finite by the bound
sup (|f(0)| Z) = |/ Z]
t€[0,1]

< sup ([f(t)]) sup Z
t€[0,1] t€[0,1]

= [1£lle 121l

and taking expectations. Recall that each function f € E[0,1] is by the definition of
E[0,1] bounded. The process Z = (Z,),y, is again called generator of the D-norm

I p-
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EXAMPLE OF A GENERATOR: THE BROWN-RESNICK PRO-
CESS

A nice example of a generator process is the Brown-Resnick process (Brown and Resnick
(1977))

t
Zt = €exXp (Bt - 5) s t e [0, 1],

where B := (B;)c), is a standard Brownian motion on [0,1]. That is, B € C0,1],
By = 0 and the increments B; — B; are independent and normal N(0,¢t — s) distributed
rv with mean zero and variance ¢t — s. As a consequence, each B; with ¢ > 0 is N(0,%)-
distributed. We, therefore, have

Z,>0,  telo,1],

and, for ¢ > 0,

E(Z;) =

E(exp(By))

B
1/2 Pt
0 1 1'2
/_OO exp(tl/Qgc) )i exp (—?) dx
_41/232
exp (_M> i

2

@
]
o

I
@
s

)

I

D

"

ol
/\/T\/-\
— N+ N+ DN

oo

o G

I
—

Y
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as exp (—(z — t1/2)2/2) /(27)"/? is the density of the normal N(t'/2,1)-distribution.
It is well known| that for z > 0

P| sup By >z | =2P(B; > )
t€[0,1]

E| sup Z; | < E| sup exp(By)
t€[0,1] t€[0,1]
=FE |exp | sup B
t€[0,1]
:/ Plexp| sup B; | >z | dx
0 t[0,1]

< 1+/ P | sup B; > log(z) | dx
1 t€0,1]

=1+ 2/00 P(B; > log(z)) dx
=1+ 2E(exp(B1))

< o0

and, thus,

as exp(B;) is standard lognormal distributed, with expectation exp(1/2). The compu-
tation of the corresponding D-norm is, however, not obvious.

Thttp://ocw.mit.edu/courses/sloan-school-of-management /15-070j-advanced-stochastic-processes-fall-2013/lecture-notes/MIT15_070JF13_Lec7.pdf

72



BOUNDS FOR THE FUNCTIONAL D-NORM

Lemma 3.1.1. Each functional D-norm is equivalent with the sup-norm |-|| ., precisely,

[fllo < 1Al < NFllc 1llps € E[0,1].

Proof. Let Z = (Z;),c (01 be a generator of ||-||,. We have for each ¢, € [0,1] and f € E[0,1]

|f(to)| = E(If(to)| Z1,)
<FE (SUP (f(t)|Zt)>

t€[0,1]

= [/l
< E(fl<12l.)
= [1Fllo 1Ll

which proves the lemma. [l

THE FUNCTIONAL L,-NORM IS NOT A D-NORM

Different to the multivariate case, the functional logistic norm is not a functional D-
norm.
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1/
Corollary 3.1.1. Each p-norm || f[|, := (f01 lf @) dt) " with p € [1,00) is not a D-norm.

Proof. Choose ¢ € (0,1) and put f.(-) := 1 (-) € E[0,1]. Then ||f.[|, =1 > /P = 11l
The p-norm, therefore, does not satisfy the first inequality in the preceding result. ]

A FUNCTIONAL VERSION OF TAKAHASHI'S THEOREM

The next consequence of Lemma [3.1.1] is obvious. This is a functional version of
Takahashi’s Theorem [1.3.1] for ||-|| .. Note that there cannot exist an extension to the
functional case with ||-||;, as this is not a functional D-norm by the preceding result.

Corollary 3.1.2. A functional D-norm ||-||, is the sup-norm ||-|| iff ||1]|, = 1.

3.2 Generalized Pareto Processes

DEFINING A SIMPLE GENERALIZED PARETO PROCESS

Let Z = (Z;):cp1) be the generator of a functional D-norm |||, with the additional
property

Zy<e,  tel1], (3.1)

74



for some constant ¢ > 1. For each functional D-norm there exists a generator with this
additional property, see de Haan and Ferreira (2006, equation (9.4.9)). This might be
viewed as a funcitonal analogue of the Normed Generators Theorem [1.7.2. Let U be a
rv that is uniformly distributed on (0, 1) and which is independent of Z. Put

1 1

V= (Vt)te[OJ] = U (Zt)te[o,l] = ﬁZ- (3.2)
Repeating the arguments in equation (2.3) we obtain for ¢ € E[0,1] with ¢(t) > ¢,
t €[0,1],
P(V <g) (33)
1
=P|=Z<
(77=9)
Z
=P<U2—t,te [0,1]>
g(t)
2
= P(U 2 —t, t e [0, 1]) (P * Z) (d(zt)te[0,1]>
[070][0 1] g t)

:/ 1—P|U< sup i) (P Z) (d(z)ef0,))

[0,  tefo) 9(1)
z
=1 /[ ' sup i (Px Z) (d(Zt)te[O,l])
0,c|™™
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A
=1—FE| sup Sl
te[0,1] g9()

E
—1—1=
g
i.e., the functional df of the process V is in its upper tail given by 1 — ||1/¢|,. We

have, moreover,

Y

D

1
PV;<z)=1-——, r>c, tel0,1],
x

i.e. each marginal df of the process V is in its upper tail equal to the standard Pareto
distribution. We, therefore, call the process V' simple generalized Pareto process; see
Ferreira and de Haan (2014) and Dombry and Ribatet| (2015).

SURVIVAL FUNCTION OF A SIMPLE GENERALIZED PARETO
PROCESS

The following result extends the survival function of a multivariate GPD as in equation
(2.4) to simple generalized Pareto processes.

Proposition 3.2.1. Let Z = (Z;);c(01) be the generator of a functional D-norm |||, with
the additional property || Z||,, < ¢ for some constant ¢ > 1. Then we obtain for g € E'[0, 1]
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with g(t) > ¢, t € [0, 1],

Proof. Repeating the arguments in equation ((3.3)), we obtain

P(V > g)

_ /Mm P (U < ol t €0, 1]) (P Z) (d(2)eo.1))

. 2t
- P(U< inf —)(P*2Z)(d
/[0,0}[0’” (U - téf(l),u g(t)) (P*Z) ( (Zt)te[o,u)

. Zt
/[;)70}[0,1] telI[é’l] g(t) ( * ) ( (Zt)te[(),l])

E | inf ﬁ )
tf0,1] g(t)

EXCURSION STABILITY OF A GENERALIZED PARETO PROCESS

]

[Corollary 3.2.1. We obtain under the conditions of Lemma(3.2.1]and the additional condition
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E (infye1 Z¢) > 0

Proof. We have

P(V > 29|V >g)
P(V > 19,V >g)
P(V >g)
P(V > zg)
P(V >g)

E (infte[o,u ng{w) 1

E | inf 2
te[0,1]9( )

~

The conditional excursion probability P(V > zg|V > ¢g) = 1/z, x > 1, does not
depend on g. We, therefore, call the process V excursion stable.
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SOJOURN TIME OF A STOCHASTIC PROCESS

The time, which the process V = (V})ic1 spends above the function g € E[0,1]
g > c > 1, is called its sojourn time above g, denoted by

1
ST(g) :/O Lg(t),00) (Vi) dt.

From Fubini’s theorem we obtain

Recall that P(V; <z)=1—-1/x, x > ¢, t € [0, 1].
By choosing the constant function ¢(¢) := s > ¢, we obtain for the expected sojourn
time of the process V above the constant s

E(ST(s) = E ( / V) dt) -2

S
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This implies

E(ST(s) | ST(s) >0) = 11— g((gg((g): 0)
B 1/s
- 1-P(V;<s,te0,1])
1
S

independent of s > c.
3.3 Max-Stable Processes

INTRODUCING MAX-STABLE PROCESSES

Let VIV, V) .. be a sequence of independent copies of V = Z /U, where the gener-
ator Z satisfies the additional boundedness condition ([3.1). We obtain for g € E [0, 1],
g >0,

1 .
P <— max V() < g)

n 1<i<n

:P(V(i)gng,lgign)

— - (i)
EP (V < ng)
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=P (V <ng)"

(-1l
—(1-]—=
ng || p
(151,)
—exp | —|[— ,

where the mathematical operations max;<;<, V;(n), etc. are taken componentwise.
The question now occurs: Is there a stochastic process £ = ()¢ on [0, 1] with

ez -en( |

>, g€ E0,1], 9> 07
D

If £ actually exists: Does it have continuous sample paths?
If such £ exists, it is a max-stable process: Let £ €3 ... be a sequence of inde-
pendent copies of the process £. Then we obtain for g € E[0,1], ¢ >0, and n € N

1 , .
P (— max £ < g) =P <max ¢l < ng)

n 1<i<n 1<i<n

=P (e <ng1<i<n)

1P (69 < ng)

=1
)TL
D

= P (€ <ng)"

< 1
=exp| —
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1

ng

= exp <—n

)
=P <yg).

For the existence of such processes see Theorem [4.7.1|
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Chapter 4

Tutorial: D-Norms & Multivariate Extremes

4.1 Univariate Extreme Value Theory

Let X be R-valued random variable (rv) and suppose that we are only interested in
large values of X, where we call a realization of X large, if it exceeds a given high
threshold ¢t € R. In this case we choose the data window A = (¢,00) or, better adapted
to our purposes, we put ¢ € R on a linear scale and define

A, = (apt + by, 00)

for some norming constants a,, > 0, b, € R. We are, therefore, only interested in values
of X € A,.
Denote by F' the distribution function (df) of X. We obtain for s > 0
P{X <au(t+s)+0b,| X >ayt+0b,}
1 — F(a,(t+s)+by,)
11— F(ant+b,)
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thus facing the problem:
What is the limiting behavior of

1— Fla,(t+s)+b,) ”
1 — F(ayt + by) e

(4.1)

EXTREME VALUE DISTRIBUTIONS

Let Xi, X5, ... be independent copies of X. Suppose that there exist constants a, >
0, b, € R such that for r € R

maxj<j<p X; —
p (s

an

bn < ZC> = F"(a,x + b,) —noeo G(2)

for some (non degenerate) limiting df G. Then we say that F' belongs to the domain
of attraction of GG, denoted by ' € D(G). In this case we deduce from the Taylor
expansion log(1 + ¢) = ¢ + O(g?) for ¢ — 0 the equivalence

F'anx +b,) —no0e G(x)
< nlog(l—(1— F(apz + b)) —nse log(G(x))
& n(l = F(ant + b)) —rnsee —log(G(2))
if 0 < G(z) <1, and hence,

1 — F(ay(t+s)+by) . log(G(t + s))
1 — F(ayt+by) O og(G(t))

(4.2)

if 0 < G(t) < 1.
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By the meanwhile classical article by Gnedenko (1943) (see also de Haan| (1975) and
Galambos (1987)) we know that F' € D(G) only if G € {G, : o € R}, with

exp (— (—x)%), x <0,

Go(z) = p(=(=2)") for a > 0,
1, x >0,
0, r <0,

Go(z) = for a <0
exp(—x®), x>0,

and

Go(z) :=exp(—e™™), z € R,

being the family of (reverse) Weibull, Fréchet and the Gumbel distribution. Note that
G_1(x) = exp(x), = <0, is the standard inverse exponential df.

MAX-STABILITY OF EXTREME VALUE DISTRIBUTIONS

The characteristic property of the class of the extreme value distributions (EVD) {G,, :
a € R} is their max-stability, i.e., for each a € R and each n € N there exist constants
a, >0, b, € R, depending on «, such that

GM(apz +b,) = G(z),  zE€R (4.3)

For G(z) = exp(x), x <0, for example, we have a, = 1/n, b, =0, n € N

G" (f) = exp (E)n = exp(z) = G(x).

n n
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Let »V.»® ... be independent copies of a rv 1 that follows the df G,. In terms of
rv, equation (4.3) means

_ @ _p
p (mamgzgn?? n S I> _ P(n S [E), r e R

Qn

This is the reason, why G, is called a max-stable df, and the set {G, : « € R} collects
all univariate max-stable distributions which are non degenerate, i.e., they are not
concentrated in one point in R see, e.g., Galambos (1987, Theorem 2.4.1).

(GENERALIZED PARETO DISTRIBUTIONS
If we assume that F' € D(G,), we obtain from that

P <t+s| > ¢
an, Qp,

4 n(l — F(a,(t+ s) + b,))
n(l — F(apt + b))
log(Gu(t+ s))
log(Ga(t))

_ Hy,(1+2), ifa#0, 5> 0,
Hy(s), if o =0.

provided 0 < G,(t) < 1. The family
H,(s) :=1+1og(G.(s)), 0 < Gu(s) <1,
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1—(—9)" -1<s<0, ifa>0,
=q1—35% s>1, if o <0,
1 —exp(—s), s >0, if a =0,

of df parameterized by a € R is the class of (univariate) generalized Pareto df (GPD)
coming along with the family of EVD. Notice that H, with o < 0 is a Pareto distribution,
H, is the uniform distribution on (—1,0), and H, is the standard exponential distribution.

The preceding considerations are the reason, why random exceedances above a high
threshold are typically modelled as iid observations coming from a (univariate) GPD.

It was, for example, first observed by van Dantzig (1960)] that floods, which exceed
some high threshold, follow approximately an exponential df.

Consequence: Suppose that your data are realizations from iid observations, whose
common df is in the domain of attraction of an extreme value df. Almost every
textbook df satisfies this condition. Then the approximation of exceedances above
high thresholds by a GPD is, consequently, a straightforward option and typically used
in risk assessment.

4.2 Multivariate Extreme Value Distributions

In complete accordance with the univariate case we call a df G on R? max-stable, if for
every n € N there exists vectors a,, > 0, b, € R? such that

G" (a,x +b,) = G(x), x c R (4.4)

Thttp://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.189.3302&rep=repl&type=pdf
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All operations on vectors such as addition, multiplication etc. are always meant compo-
nentwise. The preceding equation can again be formulated in terms of componentwise
maxima of independent copies n'"),n®, ... of arv n = (1;,...,1,) that realizes in R,
and which follows the df G:

p <maX1§i§n 17(2) — bn < w) _p (77 < .’L‘) : T c Rd.
an,
Note that also max is taken componentwise as well as division.

Different to the univariate case, the class of multivariate max-stable distributions or
multivariate extreme value distributions (EVD) is no longer a parametric one, indexed
by some «. This is obviously necessary for the univariate margins of G. Instead, a
nonparametric part occurs, which can be best described in terms of D-norms.

WHAT 1S A D-NORM?
-

Definition 4.2.1. A norm ||-||,, on R? is a D-norm, if there exists a rv Z = (Z1,...,Zy)
with Z; > 0, E(Z;) =1, 1 <1 < d, such that

Jellp = £ ( (i 2) )

1<i<d

x = (x1,...,74) € RY

In this case the rv Z is called generator of ||| .
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Example 4.1. Here is a list of D-norms and their generators:

o |lz|, = 11’1<1?<>§l\xz| generated by Z = (1,...,1).

d
ozl =)l

=1
probability 1/d.

, generated by Z = random permutation of (d,0,...,0) € R? with equal

J 1/)
o |||, = (Z |xl|/\> , 1 < X< oo. Let X1, ..., X, beindependent and identically Fréchet-

i=1
distributed rv, i.e., P(X; < ) = exp(—2z7), 2 >0, A > 1. Then Z = (Zy,..., Z;) with
Xi .
ZZ = 1\ L= 17 7d7
L'(1—-3)

generates ||-||,.

CHARACTERIZATION OF A STANDARD MAX-STABLE DISTRI-
BUTION

A df G on R? is a standard max-stable or standard extreme value df iff it is max-stable
in the sense of equation (4.4), and if it has standard negative exponential margins:

G(0,...,0,2;,0,...,0) = exp(z;), <0, 1<i<d.

The theory of D-norms now allows a mathematically elegant characterization of a
standard max-stable df.
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(
Theorem 4.2.1 (Pickands (1981), de Haan and Resnick (1977)), Vatan (1985)).
A df G on R? is a standard max-stable df <= there exists a D-norm ||-||, on R? such that

G(z) =exp (— ||z||,), «<0€cR%

CHARACTERIZATION OF AN ARBITRARY MAX-STABLE DIs-
TRIBUTION

Any multivariate max-stable df G, ., with univariate margins G, ,...,G,, can be
represented as
Gosag(®) = G (Yo, (1), - - - ay(74)) (4.5)
= exp (— [[(Va, (1), - - - Yoy (@)l p) 5 xR,

where G(z) = exp (— ||z||p), < 0 € R, is a standard EVD and
wai(x) = 1Og (G@i(x))7 0 < GO%‘(:B)7 1 S i S da

see, e.g., Falk et al.| (2011, equation (5.47)).
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Pi1CcKANDS DEPENDENCE FUNCTION

Take an arbitrary D-norm on R?. We, obviously, can write for = # 0 € R?
x

xr
@ )l A (—)
EnR ED

where A(-) is a function on the unit sphere S = {y € R?: ||y, =1} with respect to
the norm |-||;. It is evident that it suffices to define the function A(-) on S, :=

{u >0¢e R Zf:_ll u; < 1} by putting

d—1
ul,...,ud_l,l— E U;
=1 D

The function A(-) is known as Pickands dependence function and we can represent any
SMS df G as

[ = [l

Au) =

G(x) = exp (= [lz[ )

= ex zi | A dx1 ""’%

and an arbitrary max-stable df correspondingly.
In particular in case d = 2 we obtain

A(u) = |[(u,1 —u)||p = F (max(uZy, (1 —u)Zs)), 0<u<l,

with A(0) = A(1) = 1, max(u,1 —u) < A(u) < u+ (1 —u) =1. For a further analysis of
the function A(-) we refer to Falk et al.| (2011, Chapter 6).
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For an appealing approach to the estimation of Pickands dependence function A(-)
in the general case d > 2 using Bernstein polynomials we refer to Marcon et al. (2014).

CHARACTERIZATION OF MULTIVARIATE DOMAIN OF ATTRAC-
TION

In complete analogy to the univariate case we say that a multivariate df ' on R?
is in the domain of attraction of an arbitrary multivariate EVD G, again denoted by
F € D(G), if there are vectors a, > 0, b, € R?, n € N, such that

F'(apx + b,) — 00 G(x), x € RY.
Recall: A copula on R? is the df of a rv U = (U, ..., U;) with the property that each

U; follows the uniform distribution on (0,1). Sklar’s theorem plays a major role.

r

Theorem 4.2.2 (Sklar (1959, 1996)). For every df F' on R? there exists a copula C' such
that

F(az) = C(Fl(xl), .. .,Fd(ilfd)), T = (331, c. ,Zl?d) c Rd,

where Fi, ..., F; are the univariate margins of F'.

If I is continuous, then C is uniquely determined and given by C(u) = F(F; ' (u1), ..., F; ' (ug)),
w=(up,...,uqg) € (0,1)¢, where F, *(u) =inf {t € R: F;(t) > u}, u € (0,1), is the gener-
alized inverse of F;.
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-
Proposition 4.2.1 (Deheuvels (1984), Galambos (1987)). A d-variate df F' € D(G) <~
this is true for the univariate margins of F' together with the condition that the copula Cr of
F' satisfies the expansion

Cr(u) =1 -1 —ulp+o([1 —wul)

as u — 1, uniformly for u € [0, 1]%, where ||| , is the D-norm on R? that corresponds to G
in the sense of equation (4.5)).

Idea: Skip the o(||1 — u||)-term.
Problem:

Is C(u) :==1— |1 —u|,, uel0,1] a copula?
Answer:

Only in dimension d € {1,2}}.

MULTIVARIATE GENERALIZED PARETO DISTRIBUTIONS

A d-dimensional df WV is called a multivariate GPD iff there exists a d-dimensional EVD
G and x, € R? with G(x() < 1 such that

W(x) =1+ log(G(x)), x > x. (4.6)

AMichel| (2008, Theorem 6)
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Note: 1+ log(G(x)), G(x) > 1/e, does not define a df in general unless d € {1,2},
see above.
For a standard max-stable df G(x) = exp (— ||z||,), = < 0 € R?, we obtain

W(z)=1+1log(G(2) =1 - |lz|,. € [20,0)"

Note: Each univariate margin W;(z) = 1+ z, 29 < x < 0, is the df of a uniform
distribution on [z, 1].

DOMAIN OF ATTRACTION FOR COPULAS

Each univariate margin of an arbitrary copula is the uniform distribution on (0,1). Its
df is Fy(u) = u, u € [0,1]. We, therefore, obtain with a, =1/n, b, =1, n € N,

Fj(apxe +by) = Fyy <% + 1)
= (1 + £>n if n is large
n
_>n—>oo eXp(x), X S 07

i.e., each univariate margin of an arbitrary copula is automatically in the domain of
attraction of the EVD G(z) = exp(z), = < 0.

Replacing in the preceding Proposition 4.2.1] the df F' by a copula C' immediately
yields the following characterization.
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Corollary 4.2.1. A copula C € D(G) <=

Clu) =1—[1 —ulp+o(1 - uf)

as u — 1, uniformly for u € [0, 1]%.

Message: A copula C(u) can reasonably be approximated for u close to 1 only by a
shifted GPD W(u —1) =1— |1 — u|| .

This message has the following implication for risk assessment: If you want to model
the copula underlying multivariate data above some high threshold u,, you should try
a GPD copula, which is given in its upper tail by

Qu)=1—|1 —ulp, uyg <u <1,

where ||-||, is a D-norm.

MULTIVARIATE PIECING-TOGETHER

It is possible to cut off the upper tail of an arbitrary copula C' and to substitute it
by a GPD copula as above such that the result is again a copula, see Aulbach et al.
(2012a,b)):
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(0,1) (1,1)

,,,,,,,,,,,,,,,,,,,

(0,0) (1,0)

Multivariate Piecing Together

4.3 Extreme Value Copulas et al.

EXTREME VALUE COPULAS

An extreme value copula on R? is the copula of an arbitrary d-variate max-stable df G*.
It has by equation (4.5) the representation

Co-(u) = exp (= || (log(ua), ..., log(ua))llp),  w € (0,1]%,
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and, thus, we have by elementary arguments the following equivalences:

A copula CF is in the max-domain of attraction of a standard max-stable df G

< Cp(u)=1—1 —ull,+ol )s u € [0,1]9,
< llmqu—éG*(w), $S06Rd,
with (g« (x) := —log(Cq-(exp(x))) = ||x|| ), « < 0, known as the stable tail dependence

function (Huang (1992)) of G*. This opens the way to estimate an underlying D-norm
by using estimators of the stable tail dependence functiorﬁ.

r

Example 4.3.1. Take an arbitrary Archimedean copula

Co(u) = o™ (p(ur) + - - + o(um)),

(McNeil and Neslehova (2009, Theorem 2.2). If ¢ is differentiable from the left in z = 1 with
left derivative ¢/(1—) # 0, then

1— C 1+t
lim ) Sl =l2l,, @ <0eR™

1<m

— C, € D(G) with G(x) = exp (— ||z]|;), * < 0, having independent margins —
margins of C,, are tail independent.

3http://www.actuaries.org/ASTIN /Colloquia/Hague/Presentations/Krajina.pdf
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This concerns Clayton, Frank copula, but not the Gumbel copula with generator ¢ (t) =
(—log(t), 0<t <1, A>1.

4.4 A Measure of Tail Dependence

THE EXTREMAL COEFFICIENT

To measure the dependence among the univariate margins by just one number, Smith
(1990) introduced the extremal coefficient as that constant ¢ > 0 which satisfies

G*(z,...,x) = F(x), r € R,

where G* is an arbitrary d-dimensional max-stable df with identical margins F.

If ¢ = d we have independence of the margins, if ¢ = 1 we have complete dependence.

Question: Can we characterize this =7 Does it exist at all?

Without loss of generality we can transform as in equation the margins of G* to
the standard negative exponential distribution exp(z), < 0, thus obtaining a standard
max-stable df G and, threfore,

G(I, cee 513) = eXp(— H(SE, e ,:L’)HD) = exp(gj H]_HD) — eXp(:,;)H:lHD’
x <0, yielding
e=|1p.

The extremal coefficient is, therefore, the D-norm of the vector 1.
If a df F' is in the domain of attraction of an arbitrary multivariate EVD G* with
corresponding D-norm as in equation (4.5), then ¢ = ||1||, is a measure of the tail
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dependence of F. This is a crucial measure for assessing the risk inherent in a portfolio
etc.

4.5 Takahashi’s Theorem

TAKAHASHI’S THEOREM FOR D-NORMS

The following result can easily be established by elementary arguments (see Theorem
1.3.1).

r

Theorem 4.5.1 (Takahashi (1988)). We have for an arbitrary D-norm ||-|| , on R¢:
) I-lp =1, <= Fy>0: |lyllp =yl

(i) [lp = Il = 11l =1.

Consequence: The margins of a multivariate EVD are independent iff this is true for
at least one point. They are completely dependent if they are dependent at one point.
The next result can easily be established as well (see Theorem [1.3.3)).

r

Theorem 4.5.2. Let |||, be an arbitrary D-norm on R? and denote by e; := (0,...,0,1,0, ...
the i-th unit vector in R?. We have

Hip =l = llei +ejllp, =2, 1 <i#j<d
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Speaking in terms of multivariate EVD, the preceding result states: The margins of
an arbitrary multivariate EVD are independent iff they are pairwise independent.

4.6 Some General Remarks on D-Norms

e The generator Z of a D-norm |||, is in general not uniquely determined, even its
distribution is not.

e We have the bounds
oo < -l =< [+l
-|l, are D-norms themselves.

for an arbitrary D-norm; |||,

e The index D means dependence:

G(xz) = exp (— ||z|| ) = complete dependence of the margins of G
G(x) = exp (— ||z||;) = independence of the margins of G.

COPULAS AS GENERATORS OF A D-NORM

By the way, talking about dependence: Let the rv U = (Uy,...,U,) follow an arbitrary
copula on RY, i.e., each U; is on (0,1) uniformly distributed. Then

Z =2U
is obviously the generator of a D-norm.

Not each D-norm can be generated this way: The bivariate D-norm ||-||; cannot.
There are, consequently, strictly more D-norms than copulas.
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4.7 Functional D-Norm

Denote by EJ0,1] the set of functions f : [0,1] — R that are bounded and have only a
finite number of discontinuities. This is obviously a linear space. By C|0, 1] we denote
the subset of continuous functions.

(FENERATOR OF A FUNCTIONAL D-NORM

Let Z = (Z;):cp0,1) be a stochastic process with continuous sample paths, i.e., Z € C[0, 1],
with the additional properties

Zt Z 0, E(Zt) = 1, t € [0, 1],

and

Then

t€[0,1]

Ifllp = E <Sup (Lf ()] Zt)) : f € E[0,1],

defines a norm on E[0, 1], called D-norm, with generator Z.
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MAX-STABLE PROCESSES

Let 17 = (7):cp,1] be a stochastic process in C[0, 1], with the additional property that
each component 7, follows the standard negative exponential distribution exp(z), x < 0.
The following result, which goes back to Giné et al.| (1990), can now be formulated in
terms of the functional D-norm:

Theorem 4.7.1. A process 1) as above is max-stable <= there exists a D-norm ||-||, on
E[0,1] such that

Pm<f)=exp(=|flp),  feET01]

We call a max-stable process 1 as above standard max-stable (SMS). It, obviously,
satisfies with 1 denoting the constant function 1 on [0, 1]

Pl supnp <=z
t€[0,1]

=Py <z te]|0,1])
= P(n < 1)

= exp (= [lz1]|p)
:eXp(xH]-HD)a z <0,

i.e., the rv X :=sup,co;7: is negative exponential distributed

P(X < x) = exp(z/v), x <0,
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with parameter ¢ =1/ ||1||,. As a consequence we obtain in particular

P(n; =0 for some ¢ € [0, 1])

=P supn=0
t€[0,1]

=1-P(X <0)
=1-P(X <0)
= 0.
We can now put
1
£E:=—.
n

The process & = ()ic01) has continuous sample paths, each margin ¢ is standard
Fréchet distributed

P(gtéy)zp<nt§_$>:eXp(_l)7 y>07

)

The process £ is, consequently, max-stable as well. It is called simple max-stable in the
literature.

and we have for g € F[0,1], g > 0,

P(Eég)=P<n§ —é) — exp (_Hé
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4.8 Some Quite Recent Results on Multivariate Records

MULTIVARIATE RECORDS

The subsequent results are joint work with Clément Dombry and Maximilian Zott
(Dombry et al. (2015)). Let X;, X,,... be independent copies of a rv X € RY. We say
that X is a (multivariate simple) record, if

X, £ max X,

1<i<k—1

i.e., if at least one component of X is strictly larger than the corresponding compo-
nents of X{,..., X;_;.
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RECORD TIMES

We denote by N(n), n > 1, the record times, i.e., those subsequent random indices at
which a record occurs. Precisely, N(1) =1, as X is, clearly, a record, and, for n > 2,

N(n)::min{j:j>N(n—1),Xj$ max )Xi}.

1<i<N(n—1

As the df F is continuous, the distribution of N(n) does not depend on F' and,
therefore, we assume in what follows without loss of generality that F' is a copula C
on R, i.e., each component of X is on (0, 1) uniformly distributed.

EXPECTATION OF RECORD TIME

We have for j > 2

and, thus, @)
Clu

Suppose now that d = 1. Then we have u = u € [0,1], C'(u) = v and

du + 2 = o0,

B(ve) = [ 1

1—u
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which is well-known (Galambos (1987, Theorem 6.2.1)). Because N(n) > N(2), n > 2,
we have F(N(n)) = oo for n > 2 as well.

Suppose next that d > 2 and that the margins of C' are independent, i.e.,

d
:HU,Z', u:(ul,...,ud)e [0,1]d
1=1

Then we obtain

1
/ C( C(du) / H’ ZUZ duy ...dug < 0o
[0,1]

1_
¢ zluZ

by elementary arguments and, thus, F(N(2)) < oco. This observation gives rise to the
problem to characterize those copulas C on [0,1]? with d > 2, such that E(N(2)) is
finite. Note that F(N(2)) = o if the components of C are completely dependent.

CHARACTERIZATION OF FINITE EXPECTATION
-

Lemma 4.8.1. We have E(N(2)) < oo iff

1
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DuAL D-NORM FUNCTION

Let |||, be an arbitrary D-norm on R? with arbitrary generator Z = (Zy,...,Z,;). Put

Qxlp:=F ( min (|z;)| Z,)> : x c R,

1<<eT

which we call the dual D-norm function corresponding to |-|,. It is independent of
the particular generator Z, but the mapping

I-llp = 2o
is not one-to-one. In particular we have that
X-Ap =0
is the least dual D-norm function, corresponding to |||, = |||;, and

R p = min |z;] = T U, x € RY,
1<i<d

is the largest dual D-norm function, corresponding to ||-||, = ||-||.., i.e., we have for an

arbitrary dual D-norm function the bounds

0!

0=0-U <0 <V Voo-

While the first inequality is obvious, the second one follows from
= > 1 A A < k < d.
ol = Bl ) 2 £ ((min10120) . 1<k <d
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EXPANSION OF SURVIVAL FUNCTION OF C € D(G) ViA DuAL
D-NORM FUNCTION

We obtain the following consequence.

r

Lemma 4.8.2. Let G be a sms df with corresponding D-norm ||-||,. Then we have for an
arbitrary copula C' the implication

CeDE) = P(X>u)=21—udp+o(]|l —ul) (4.8)

as u — 1, uniformly for u € [0, 1], where X is a rv whose df is C.

Note that the reverse implication in the preceding result does not hold, as the
mapping ||-||, — - 2p is not one to one.

INFINITE EXPECTATION OF RECORD TIME

Proposition 4.8.1. Suppose that C' € D(G), where the D-norm corresponding to G satisfies

212p > 0. Then E(N(2)) = oo.
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ANOTHER TAIL DEPENDENCE COEFFICIENT

Within the class of (bivariate) copula that are tail independent,

% = lim 2log(1 —u)

—1
ufl 10g(P(X1 > u, Xo > u))

is a popular measure of tail comparison, provided this limit exists (Coles et al. (1999);
Heffernan (2000)). In this case we have x € [—1, 1], cf. Beirlant et al. (2004, (9.83)).
For a bivariate normal copula with coefficient of correlation p € (—1, 1) it is, for instance,
well known that y = p.

I

Proposition 4.8.2. Let X = (X,..., X,) follow a copula C in R? with C' € D(G) and G
having independent margins. Suppose that there exist indices k # j such that

2log(1 — u)

Xk,j = lim — 1€ (—1, 1)

utl log(P(Xy > u, X; > u))
Then we have E(N(2)) < oo.

s

Corollary 4.8.1. We have E(N(2)) < oo for multivariate normal rv unless all components
are completely dependent.
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